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[1 I'm pleasrl to report that the past year has seen several noteworthy a(lvances in or'
1\iixowledge, about algorithms, thanks to work done in this research project. which is being

.supported in part by the National Science Foundation and the Office of Ntval Research.
Besides myself, the project has supported the visits of Philippe Flajolet, Boris Pittel. and

0 Herbert Wilf to Stanford. and the thesis research of five graduate students has also been
0 supported.

"1i The most significant event of the year was the discovery by Flajolet, IKnuth. and
Pittel of new techniques for the analysis o'f random graphs.,i-ese new niethols-ise the -lie

theory o)f complex variables to solve several open prol)lems that previous researchers were
inable to resolve with the traditional techniques of mathematical statistics (martingales.

laws of large numbers. etc.). We had plroved in 19S7 that the expected length of the first
,'ycle in an evolving graph on vertices is asymptotically Iru1/6 for some constant I%:; this
result was quite surprising because such an order of growth had not been seen in other

problems. This year we clarified the method and extended it. in several directions. We
elvaluated the constant K" = 2.0337. and slioved that the standard derivation of the first
cycle length is proportional to n 1/-. Ve found that the expected length of the second cycle

is asymptoticAlly equal to I i iu' i:'i In l: in general, the expected length of the th cycle is
asymptotically
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for any fixed k. We discovered the expected size of the component that contains the first
cycle, and we determined its limiting probability distribution. We showed that the first
component with more than one cycle has expected size of order n 2 / 3 ; the total lengt.n of

all cycles fornCl before such a component occurs is proportional to n1 /3 . We showed that

a random graph with in edges and ri vertices is bipartite with probability
/1 -\ 1/4

1_ " A/2 if lim 2n = A < 1.
I + A m, n - -o nl

And we showed that a random graph with n edges and n vertices has a "'bicyclic" coin-
1)onent with probability

1-v +O( 1 /2

i: All of these results, and several more of a similar nature, follow from our new method
of analysis. which we believe will help us to resolve other difficult problems that have

0 previously resisted solution. These results appear in Stanford report CS 1219, "The first

(D cycles in an evolving graph," September, 1988.

2. Another significant achievement of the year was the completion of the 640-page
textbook Concrete Mathematics by Ronald L. Graham, Donald E. Knuth, and Oren
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Patashnik. This book contains mone than 500 exercises, many of which are -mini re-
search results" that have not been ptil)lisheld before. Although the book is a t,,xtb>ook used
in ripper-level iiilergraditate courses, it contains new procedures for solving, rectrr'ences
and (evaluating >u11nS iII closed form. as well as new expositions of important techniques
never before treitod in textbooks. Therefore we believe the book will a dvance the art of
algorithmnic analyis in hinidreds of universities.

3. Knuth and Pittl studied -A recurrence related to trees" [to appear in Proceedings
of the Aiericali Af1atheia tical Society. December. 19881, an extension of re-sults proviously
obtained by INwith and Schdinhage. We showed, for example. that the sohlution to the
recl'Creuce-
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has the asnmpt Itic form

- 1/2) 13+/ 2 + O(n~a) + O(1 logn)

when .1 > .. The 1)roPl(rties of an interesting family of polynomials called tre, polhno-
mial.-'" were devI' ped e'n rute to this result.

* . -. Floyd zid I[nilth studied the properties of machines that cani only add. subtract.
and test the sin1i of nu1mrs. \ Ve showed that such machines can actually multiply, di-
vide. and calciilate greatest colmnon divisors quite efficiently., In particular. t he peration
X"' mo0d 11 (which is fuidanmental to the RSA method of dta encryption/decryption) can
be perforelid(( by (oing ,,nly (log ai)(log n) additions .and subtractions on nm)ineative in-
tegers less tln 2-i. iisin- fewer tlian 10 registers. Therefore an efficient and inexpensive
device can )e dsignred to do RSA codes. (A Stanford CS report entitled --Addition ma-
chiines" will he pillished in November. 1988.)

/ 5. Boris Pittel resolved a longstanding open problem about stable niarriaes by pro-
ing that the expected wunber of stable marriages (when men and voien have indepen-
dently ra.ndom choices) is asymptotic to e- 1 n ln n. Previously, the only thing known about
this quantity was that it is > 1; nobody had ever been able to l)rove that the expected
number was nbounded, or that it did not grow exponentially fast. A Stanford CS report
about this result is now in )reparation.

A

. ' . One of the main goals in the research proposal for this project was the creation of
the Stanford Graphbase, a database of interesting test cases that can be used as henchmarks
for comnbinatorial algoritlhns. This database is taking shape nicely, and it should be ready
for distribution to other resarchers in 1989. Knuth lectured about this work-in-progress
at a large SIAM coaf*ereice in June, and at several other universities; response from the
,auctenlas enthusiastic on all occasions, so there is good reason to believe that the

(database will find wide use.
" /1% Flajolet discovered a way to determine the asymptotic properties of the coefficients

of the Hadamardl product of two generating functions f(z) and g(:). when .f or g have



al~lricsingularities on their circle of converglence. This extends his important work of
19S7 xvith Odlvzko. wvhen they contributed a new fundamental techique for studying the
C(fhcjelts of generating function1 s (i4nproving on and sinmplifying the classfical method of
Dairboiix).

S..4 1Knuth and \Vilf discovercd a simp jle rule for the divisibility prtoerties of generalized
luiinial coefficients, extending a classical theoremn of IKunimer.- [--The power of a prime

ti iiit. lvk geniera liz ed hinomiaLzoefficient." submit ted for publication.]

- j9. Xiinuth, Papadimitrion, and Tsitsiklis studied the complexity of the algorithmi for-
lI Iig dominated strategies In certain gaines. A no(te on tatg elimination iii

bimia trix g~ames." Operations Research Letters 7 (lOSS). 103-107.]

10. N-nuth found relatively prni 15-digit numbers aI and b) such that the sequence
dchnled 1)y

Ao= a. .4, I~ -4,,+2 = .4,+, + An~

Conitains 110 prjPQ-Mimbers. It had previously beeni believed that a and b must be much
larger (3-(-digits or more) for this to be possible. ["A Fibonacci-like sequence of composite
1i1) 1lbrs.- t~o appear in Mlatheiiatics slia7in-e.J

7) 1 1Inuth found a simple wNay to compute permutation 'groups with given generators.
and( showed that was reasonably efficient. . ['Efficient rep~resentationl of permi groups," to
app~ear in Coxnbinatorica.]k

12. IKnut~h discovered a curious newv associative operationi in o n on negative integers.
with the p~roperty that mon - n15iin wvhen in and ii are large. [-'Fibonacci multiplication,"
Applied Mathem~atics Letters 1 (l9S8). 537-60.1

13. Knuth and Pittel recenitly discovered that aI random graph with in edges and
2

17 Vertices has positive (but very small) probabilityv of having more than one bicyclic coni-
ponient. This disproved a conjecture by students of R. MI. Karp). who had noticed no such
grajlis in their empirical tests. The behiavior of large random graphs with < (I - :i
ediges or > (I~ + e)n edges has been well understood for a long time, but the properties

whlenm the number of edges is near !n are just now beginning to submit to analysis. We
are ('ontilluing to explore such critical graphs, because INLarp has just discovered a new way
to compute transitive closures of random directed graphs, with an efficiency that depends
heavily on the behavior of random undirected graphs in the critical region.

14. Five graduate students (Chen, Fedler, Gangoli, Haddad, Patashnik) are being
siljported by this project as they complete their thesis research. In each case the work
is prcedn well, and we expect the theses will be comipleted next year. Of particular L
interest is Chen's discovery that a new heuristic invented to study the size of backtrack
trees proves to be unexpectedly effective at also finding the longest paths in such trees.
fin one experiment, his heuristic improved the search time by more than five orders of
iiagn ide. ~~:s.lo
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